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2 024 TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

Mathematics Extension 2

General e Reading time — 10 minutes
Instructions e Working time — 3 hours
e Write using black pen
e Approved calculators may be used
e A reference sheet is provided

e Marks may be deducted for careless or badly arranged work.

® In Questions in Section II, show relevant mathematical reasoning and/or
calculations

Total marks : Section I — 10 marks
100
e Attempt Questions 1 — 10

e Allow about 15 minutes for this section

Section II — 90 marks

e Allow about 2 hours and 45 minutes for this section
e Write your student number on each answer booklet.

e Attempt Questions 11 — 16



Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 3
1. Lerg=|2|and b=|-1
3 2

Which of the following is the value of a-(a—3b)?

AT o - (&-2w)
B. 0 = \Q . '_cg
e -3
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- o . x -1
2. Which of the following is an expression for | ———dx?
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3. Whatis the value of Jz xsinx dx ?
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4. In which quadrant does the complex number 2¢e 12 +2¢!2 lie ?

A1
B. 1I
C. 11
D. IV

3. For how many integer values of 1 ,where i =—1 , is n*+(n+i)* an integer?

A, 4
B. 3
C. 2
D. 1

6.  The complex number z =a+ib,where 0<a<b .

Which of the following best describes the complex number z* ?

A Re(z')<0
B.  Re(z*)<0
C.  Im(z*)<0
D.  Im(z*)<0



Consider the position vector of a particle.
r(t)=-3sin(t)i+3cos(t)j+tk .
Which of the following statements best describes the motion of the particle?
A. A spiral about the z axis in an anticlockwise direction.
B. A spiral about the z axis in a clockwise direction.

C. A spiral about the x axis in an anticlockwise direction.

D. A spiral about the x axis in a clockwise direction.

A particle is projected from the origin, reaches a maximum height at point B and lands at

0
point D . The acceleration of the particle is given by a(#) =( 9 8) and the velocity of the

particle is v(7).

For any initial velocity 7 >0 and the angle of projection 0 < & <90°, at which point on the

trajectory of the particle are v(¢)+a(#) <0 and r(¢) < v(t) >0 always true?

Ay
B B
C C
D D



A vehicle is moving horizontally on a frictionless surface in a resistive medium.
The resistive force is proportional to the square of the velocity of the vehicle.
The vehicle has a driving force that varies so that it is always half of the resistive
force.

The initial speed of the particle is 5 ms™".

Which of the following is always true about the motion of the particle?

A. The velocity increases until it eventually comes to rest.
B.  The velocity decreases until it eventually comes to rest.

C.  The velocity increases until it eventually reaches its terminal velocity.

D. The velocity decreases until it eventually reaches v =2 ms™'
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10.

The complex number z satisfies z+a =a ,where a is a positive real number.

The point P represents the complex number ka + a(k +1)i,

where £k is a positive real number.

The greatest distance that z can be at from the point Pis (3 2 +1)a.

What is the value of £ ?

o N w >
B~ W DN

End of Section I
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Section Il
90 marks
Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section
Answer each question in the appropriate writing booklet. Extra writing booklets are available.
For questions in Section II, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use a new writing booklet.

(a) The position vectors of two points , 4 and B are given by OA= 2i+4j-3k and OB = —i+j+2k.

(i) Determine the exact distance between the points 4 and B.
(ii) Show that there is no value of m such that OC = m i+2j-m’k is perpendicular
to OA.



(b)

Solve z*—(2+6i)z=(5-2i) . Give your answer in the form x+iy,

where x and y are real.
23 - Casedz ~ (s-a)
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Alternative Solution:
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(c) Find:

¥

-10-
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(d) A particle moves along the x — axis with velocity v and acceleration a according to the
equation a =V’ +4v . The particle starts at the origin with velocity 2 cm/s.

Find the expression for the displacement of the particle x, in terms of v .
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(¢) The complex numbers z, and z, are givenby z, =3—-i and z, =1-2i .

Determine the possible value/s of the real constant k£ if Dhk= k2.
2

End of Question 11
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Question 12 (15 marks) Use a separate writing booklet.

(a) (i) Find 4, B, and C such that
1-2x 4 +Bx+C
(x+2)(x2+1) (x+2) (x> +1)
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(i) Hence find J.%dx
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(b)

Consider the lines
ll . XxX=y=z
0 1

r=|3 |+t| =2 |, where ¢ is a parameter.
2 1

Show that the lines are skew.
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(©) The polynomial P(z)=z* -8z + pz* +qz—80 has root 3+i, where p and ¢ are real

numbers.

(1)  Find all the roots of P(z).
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(ii)

Write P(z)as a product of two real quadratic factors

Read = (- G2 59 (2 Ay L2
cmy = LR osawe)

= -ﬁsf)

(d)
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Question 13 (14 marks) Use a separate writing booklet.

(@ Find (2tan 6 +3)sec’ 6
a in

sec’ @+tan @
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(b) A particle of mass 1 kg is projected from the origin with initial speed ¥ m/s at an angle « to

the horizontal plane.
The parametric equations of motion are given by

X=-5x and y=-10-5yp
The position vector of the particle , at any time ¢ seconds after the particle is projected , is

;(t) and the velocity vector is ;(t) .

. - Ve™ cosa
(1) Show that v(¢) =

(Vsina+2)e™ -2
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(ii1))  Show that the ratio of the horizontal velocity at the origin to

the horizontal velocity at the maximum height is:

(1+125J§):1
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(¢) Inthe Argand diagram below , B lies on the line y=5 and C'lies on the line y =-12.
y

The point 4 represents the complex number z =-5—4i T
X BE_ y=5
_
(0] X
5T
6
< —> y=-12

C |
. Sw
Given AC=2A4Band ZBAC =? .
Find the exact complex number that represents the point C'.
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Question 14. (16 marks) Use a separate writing booklet.

.
l
(@) Given that z=e!! , show that

(1) Show that z+z° +2° + 2" +2° =
-z

4.
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Alternative Solution 1:
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Alternative Solution 2:
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AlternativeSolution 3;
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(b) (@

£z
_ 1 Inx
Use the substitution u =— to show that ~dx=0.
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3
|
(i1) Hence show thatf an dx = ﬁﬁhﬁ i
L 3+ x 36
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© (@O A complex number z satisfies both \ z —j SI z —1 and ‘ z-2- Zzt <1.

RRUNN (=)

Sketch on an Argand diagram, the region which contains the point P representing z .
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(i)

Point OQ(w) lies on the boundary of the region obtained in part (i)

and also satisfies arg (w - 1)

— Z .
Find all possible complex numbers win the form of x+iy where x and y are real
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End of Question 14
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Question 15. (15 marks) Use a separate writing booklet.

(a) A particle of mass m kg is moving along the x axis under the action of the

resisting force given by:
m ( pv+v° ) ,
where v is its velocity of particle after # seconds and p is a positive constant.

Initially, the particle is at x =1n2 and is travelling with velocity p m/s.

(1) Show that the displacement x of the particle is given by

x=ln( 4p J
p+v
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(i)
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(ii1)) It took the particle —; In 2 seconds to reach the point where x =1n3 meters.

Find the value of p.
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(b) In the diagram below, ABCD is a parallelogram.

E is the midpoint of AD and F is the midpoint of DC.
R is the point of intersection of AC and BE

T is the point of intersection of AC and BF.

—_—

Let b=AB, ¢c=AC, d=AD.

and ER = kEB where kis a scalar.

(i) Showthatﬁ=k13+(1—k)i. 2
%3— - é&- -~ _E_?Q-
=]/ = “ea
= w (R -
- R
~C ——55
= % - Afv \/
S
LR ST
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(11) Hence show that AT :EE
N
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The vertices 4, B, C and D are joined to a point P in three-dimensional space such that
PT+AC=0

(iii))  Prove that i& ﬁ% ’ —}? ﬁ¢ ’ % A_QE ’

£ Bs
L = 3 AT 382y
_ 565153 - Sa.ed)

PE AT @R F - @

“
Ve
A
n

o
7
!
g }
-~
&
o

I
U)
™
%
Ty
A
2
“p
A
2
pi!
|
1

]
UJ
/\
@
p
-~
2
)
I
X
—
A
s
(N

T
)
S
‘/gfj
b
I
2
.
e
-

)]
W
+
L~
//
f

End of Question 15
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Alternative Solution:
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Question 16. (15 marks) Use a separate writing booklet.

(a) In the diagram below, the complex numbers z,, z, , z. ,

z,, and z, correspond to

the points 4, B, C, D and E in the complex plane.

AB is the side of a square and D is the point of intersection / -
of diagonals of this square. 4

BC'is the side of the larger square and E is the point of HR“‘X’I
intersection of diagonals of this square.

(1) Show that z, =z, +(ZC —ZE)i.

e (5-"\'&.30%\(‘. 0% =3 Sv‘v.mc‘xﬁ‘_ roeal ax Ot

TR = & = vd
'2_.% = -ZE o~ QZ."___—_?_EB S V/,
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(i1) Hence, or otherwise, show that the angle between the line passing through 4 and C
. . T .
and the line passing through Dand E is Zradlans
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Alternative Solution:
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(b) Letl =] sin”7@ cos’@ db,and n=0,1,2,
0

(1)

+1
Prove that /, = L I, for n>1.
n+4
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1

(11) Prove that /7 =

(n+4)(n+3)(n+2) .
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1
(iii) Let J, =j ¥ (1=x') dx.

0

Show that J, = ;In .

End of Examination
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NESA Number:

Fort Street
High School

Name:

2 024 TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

Mathematics Extension 2

General e Reading time — 10 minutes
Instructions e Working time — 3 hours
e Write using black pen
e Approved calculators may be used
e A reference sheet is provided

e Marks may be deducted for careless or badly arranged work.

® In Questions in Section II, show relevant mathematical reasoning and/or
calculations

Total marks : Section I — 10 marks
100
e Attempt Questions 1 — 10

e Allow about 15 minutes for this section

Section II — 90 marks

e Allow about 2 hours and 45 minutes for this section
e Write your student number on each answer booklet.

e Attempt Questions 11 —16



Section |

10 marks

Attempt Questions 1-10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10.

1 3
1. Lerg=|2|and b=|-1
3 2

Which of the following is the value of a-(a—3b)?

A T
B. 0
C. 3
D. 6
. . . x' -1
2. Which of the following is an expression for | ————-dx?
(x4 - 4)6)E

A.

% +C

4(x” —4x)
B.

3.3
—(x"=4x)+C
70 —40)

N e

4x* —4x

T

3. What is the value of Jz xsinx dx ?

0

A =
4
B. Z
2
C. Vi4
D. 1



—i5m in
4. In which quadrant does the complex number 2e 2 +2e!2 lie ?

A1
B. I
C. I
D. IV

5. For how many integer values of n,where i* =—1 ,is n* +(n+i)" an integer?

A, 4
B. 3
C. 2
D. 1

6.  The complex number z =a+ib,where 0<a<b .

Which of the following best describes the complex number z* ?

A, Re(z')<0
B.  Re(z')<0
C. Im(z*)<0
D.  Im(z")<0



Consider the position vector of a particle.
r(t)=-3sin(¢)i+3cos(t) ) +rk .

Which of the following statements best describes the motion of the particle?

A. A spiral about the z axis in an anticlockwise direction.
B. A spiral about the z axis in a clockwise direction.
C. A spiral about the x axis in an anticlockwise direction.

D. A spiral about the x axis in a clockwise direction.

A particle is projected from the origin, reaches a maximum height at point B and lands at

0
point D . The acceleration of the particle is given by a(¢) :[ 9 8] and the velocity of the

particle is ().

—

For any initial velocity ¥ >0 and the angle of projection 0 < 8 <90°, at which point on the

trajectory of the particle are v(¢)+a(#) <0 and r(¢)«v(t) >0 always true?

A 4
B. B
C C
D D



10.

A vehicle is moving horizontally on a frictionless surface in a resistive medium.
The resistive force is proportional to the square of the velocity of the vehicle.
The vehicle has a driving force that varies so that it is always half of the resistive

force.

The initial speed of the particle is 5 ms™".

Which of the following is always true about the motion of the particle?

A. The velocity increases until it eventually comes to rest.
B.  The velocity decreases until it eventually comes to rest.

C.  The velocity increases until it eventually reaches its terminal velocity.

D. The velocity decreases until it eventually reaches v =2 ms™'

The complex number z satisfies Iz + al =a ,where a is a positive real number.

The point P represents the complex number ka + a(k +1)i,

where k is a positive real number.

The greatest distance that z can be at from the point P is (3\/5 +1a.

What is the value of & ?

o N w
A W

End of Section I



Section Il
90 marks
Attempt Questions 11-16

Allow about 2 hours and 45 minutes for this section
Answer each question in the appropriate writing booklet. Extra writing booklets are available.
For questions in Section II, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Use a new writing booklet.

(a) The position vectors of two points , 4and B are given by OA=2i+4j-3k and OB = —i+j+2k.

(1) Determine the exact distance between the points 4 and B.
(ii) Show that there is no value of m such that OC = m i+2j—m’k is perpendicular
to OA.

(b) Solve z°—(2+6i)z=(5-2i) . Give your answer in the form x+iy,

where x and y are real.

(¢) Find:

cos’ x

AJsin x

dx

(d) A particle moves along the x —axis with velocity v and acceleration a according to the

equation @ =V’ +4v . The particle starts at the origin with velocity 2 cm /s .

Find the expression for the displacement of the particle x, in terms of v .

(¢) The complex numbers z, and z, are givenby z, =3—i and z, =1-2i.

=Jk+2.

z
—L+k
Z

Determine the possible value/s of the real constant & if

End of Question 11



Question 12 (15 marks) Use a separate writing booklet.

(a) (i) Find 4, B, and C such that
1-2x A Bx+C
= +
()c+2)(x2 +1) (x+2) X+

1-2x

(i) Hence find I—zdx
(x+2)(x" +1)

(b) Consider the lines

ll X = y =Z
0 1

L : r=|3 |+¢t| =2 |, where ¢ is a parameter.
2 1

Show that the lines are skew.

(c) The polynomial P(z)=z* -8z’ + pz* + gz —80 has root 3+i, where p and ¢ are real

numbers.

(1)  Find all the roots of P(z).

(1)) Write P(z)as a product of two real quadratic factors.

(d) Use the substitution# = tan X to find the exact value of J ’ ;dx )
2 o 4+5cosx

End of Question 12



Question 13 (14 marks) Use a separate writing booklet.

2tan @ +3)sec’ 0
(@) Find J( mer e 0 19
sec”@+tan @

(b) A particle of mass 1 kg is projected from the origin with initial speed ' m/s at an angle « to

the horizontal plane.

The parametric equations of motion are given by
¥=-5% and F=-10-5j
The position vector of the particle , at any time ¢ seconds after the particle is projected , is

;(t) and the velocity vector is ;(t) .

Ve™ cosa ]

i Show that v(7) =
& © L(Vsina+2)e"5’—2

R 250e7
(ll) GiVen that V(l) = (250\/5 4 z)e_5 9 )

find the initial speed V" and the angle of projection « .

(iii))  Show that the ratio of the horizontal velocity at the origin to

the horizontal velocity at the maximum height is:

(1+125J§):1

Question 13 continues on page 9



(¢) Inthe Argand diagram below , B lies on the line y =5 and C'lies on the line y =-12.

The point 4 represents the complex number z =—-5-4i

5T

Given AC=2ABand ZBAC :5?7[.

Find the exact complex number that represents the point C'.

End of Question 13

NOT TO
SCALE



Question 14. (16 marks) Use a separate writing booklet.

T

7
(a) Given that z=e!! , show that

(b)

(c)

(i)

(ii)

(i)

(ii)

(i)

(i)

1
Show that z+ 2> +2z° +z' +2° :1—
-z

T RY/4 Y4 T Or
Hence show that cos ﬁ +C0S—+ COS—+ COS——+ COS— =

11 11 11 2

\a Inx

2

.. 1
Use the substitution # = — to show that dx=0.

X 1 1+x
3

3
Hence show thatJ In x2 dx = ”\Bhﬁ )
3+ x 36

A complex number z satisfies both |Z — 1| < |Z —i| and |z-2-2i<1.

Sketch on an Argand diagram, the region which contains the point P representing z .

Point Q(w) lies on the boundary of the region obtained in part (i)

and also satisfies arg (w— 1) = % .

Find all possible complex numbers win the form of x+iy where x and y are real.

End of Question 14
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Question 15. (15 marks) Use a separate writing booklet.

(a) A particle of mass m kg is moving along the x axis under the action of the

resisting force given by:
m ( pv+v ) ,
where v is its velocity of particle after ¢ seconds and p is a positive constant.

Initially, the particle is at x =In2 and is travelling with velocity p m/s.

(1) Show that the displacement x of the particle is given by

x=ln( 4p j
p+v

(i1) Show that:

t= 1 In ( Pr Vj .
p 2v
(ii1)) It took the particle %ln 2 seconds to reach the point where x =In3 meters.

Find the value of p.

Question 15 continues on page 13

-12-



(b) In the diagram below, ABCD is a parallelogram.
E is the midpoint of AD and F is the midpoint of DC.
R is the point of intersection of AC and BE

T is the point of intersection of AC and BF.

Let b=AB, c=AC, d=AD.

and ER = kEB where k is a scalar.

(i)  Show that AR =kb+(1-k)

Do i

(i1) Hence show that AT = %Iﬁ

The vertices 4, B, C and D are joined to a point P in three-dimensional space such that

PT +« AC =0

(iii))  Prove that

i {7 et

End of Question 15
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Question 16. (15 marks) Use a separate writing booklet.

(a) In the diagram below, the complex numbers z,, z, , z. , z, and z, correspond to

the points 4, B, C, D and E in the complex plane.
AB is the side of a square and D is the point of intersection of diagonals of this square.

BC is the side of the larger square and £ is the point of intersection of diagonals of this square.

(1) Show that z, ZZE+(ZC—ZE)i.
(11) Hence, or otherwise, show that the angle between the line passing through 4 and C

and the line passing through Dand E is Z radians

Question 16 continues on page 15

-14-
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(b)

(1)

(ii)

(iii)

Prove that /, =n—+lln_1 for n>1.
n+4
1
P that / = .
O L T TR () (nr2)

1
Let J, =j x“””(l—x“)2 dx .

0

Show that J, = %In .

End of Examination

2. 2n+3 5 _
sin”""” @ cos’ @ df,and n=0,1,2,

Let 7, =J
0

-15-
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